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A MIXED VARIATIONAL FRAMEWORK FOR THE RADIATIVE
TRANSFER EQUATION

HERBERT EGGER AND MATTHIAS SCHLOTTBOM

Abstract. We present a rigorous variational framework for the analysis and discretization of
the radiative transfer equation. Existence and uniqueness of weak solutions is established under
rather general assumptions on the coefficients. Moreover, weak solutions are shown to be regular
and hence also strong solutions of the radiative transfer equation. The relation of the proposed
variational method to other approaches, including least-squares and even-parity formulations,
is discussed. Moreover, the approximation by Galerkin methods is investigated, and simple
conditions are given, under which stable quasi-optimal discretizations can be obtained. For
illustration, the approximation by a finite element PN approximation is discussed in some detail.

1. Introduction

The radiative transfer equation is a basic model for the transport of non-interacting particles with
various applications ranging from astrophysics, over neutron transport, to medical imaging. In
this paper, we consider stationary monochromatic radiative transfer [12, 10, 9], governed by

s·∇φ(r, s) + µt(r)φ(r, s) = µs(r)
�

S
θ(s·s�)φ(r, s�) ds

� + q(r, s),(1.1)

which characterizes the equilibrium distribution φ of a density of particles of fixed energy depending
on spatial and angular coordinates r and s, respectively. The first term in the equation models
the free transport of particles in direction s, while the second term denotes the absorption of
particles by the background medium. The integral term on the right hand side represents the re-
emisson of particles after scattering from direction s

� into direction s, and q is a source term. We
will consider the radiative transfer equation (1.1) in a bounded domain (r, s) ∈ D, in which case
additional boundary conditions have to be prescribed. For our analysis, we utilize the condition

φ = g on ∂D−,(1.2)

which allows particles to enter the domain over the inflow part of the boundary. Due to the hy-
perbolic nature of the equation, no condition can be imposed on the complementing outflow part.

Because of its many applications, the radiative transfer equation (1.1), which is a linearized form
of the Boltzmann equation, has been investigated intensively in the past. For instance, in [8],
existence of solutions for the transient and stationary case was shown by transforming the integro-
differential equation (1.1) into an integral equation, and by the use of Neumann series. A rather
complete analytical treatment of the radiative transfer equation based on semi-group theory is
given in [11].

Since in complex geometries, (1.1) can hardly be solved analytically, there has been strong inter-
est in the development and analysis of numerical schemes for approximating the solution of the
radiative transfer equation. Various methods based on different approximations of the velocity
space (e.g., the PN or SN approximations), and using different spatial discretizations (e.g. finite
difference or finite element methods) have been proposed and investigated in literature. Let us
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2 HERBERT EGGER AND MATTHIAS SCHLOTTBOM

refer to [9, 18, 1, 2] for an overview over some approaches and further references.

One of the difficulties in a numerical solution of the radiative transfer equation is its hyperbolic
nature, and therefore standard Galerkin discretizations are in general unstable. A possibility to
overcome this problem is to transform (1.1) into a second order form, the even parity formula-

tion, which is a self-adjoint elliptic problem for only one part of the solution; cf. [12, 18, 1] and
the references therein, or Section 5.3. In [19, 20], a different approach, based on a least-squares
formulation of the full equation (1.1), has been investigated, which finally also leads to a second
order elliptic problem, and admits the stable numerical approximation by Galerkin methods.

In this work, we investigate a new variational approach for the analysis and the numerical solution
of (1.1)–(1.2). We consider a weak formulation of the radiative transfer equation in spaces of
mixed spatial regularity. This allows us to establish a rigorous variational framework, in which
the problem can be shown to be inf-sup stable. Existence and uniqueness of solutions then follow
almost automatically from well-known results for linear variational problems and operator equa-
tions. We demonstrate, that our variational framework is, in fact, a mixed one, and we establish
connections to some other popular formulations of the radiative transfer equation. In particular,
we give a rigorous derivation of the even parity formulation within our framework.

The mixed variational framework presented in this paper allows us to apply the Galerkin “ma-
chinery”, i.e., stable discretizations are obtained by choosing appropriate subspaces of the infinite
dimensional spaces and utilizing the same variational principle as on the continuous level. The
stability of the resulting discrete problems can be established under simple conditions on the ap-
proximations, hence providing quasi-optimal error estimates for a general class of methods. For
illustration, we discuss the finite element discretization of a PN approximation in some detail, and
we show that not only odd, but also even order PN approximations yield stable discretizations, if
the correct variational setting is used.

Summarizing, our mixed variational framework allows to treat the analysis and numerical ap-
proximation of the radiative transfer equation in a unified systematic manner. Although we only
consider the stationary case here, our results will certainly be helpful also for the analysis and
discretization of transient problems.

The paper is organized as follows: We start with introducing the relevant notation, and formulate
the setting in which we intend to analyze the problem. In Section 3, we then derive a weak form
of the radiative transfer equation, we prove the unique solvability, and establish a-priori bounds
for the solution. We then show in Section 4, that for sufficiently regular data, any weak solution
of the variational problem is, in fact, also a strong solution of the radiative transfer equation. In
Section 5, we present some alternative formulations, including a mixed problem, which allows us
to give a rigorous derivation of the even parity formulation. We also compare our results to the
least-squares formulation of [19]. Section 6 then discusses the approximation of the variational
problem by Galerkin methods, and we establish simple sufficient conditions that guarantee the
stability of these approximations. For illustration, we also present some details of a coupled finite
element PN approximation, and we close with a short summary.

2. Preliminaries

2.1. Domains. Throughout the presentation, we assume that R ⊂ Rd, d = 2, 3 is a bounded
domain with C

1 boundary. By S := {s ∈ Rd : |s| = 1}, we denote the unit sphere, and we
define the product domain D := R × S; cf. Figure 1. Let n(r) be the outward pointing normal
vector for a point r ∈ ∂R. The boundary ∂D := ∂R × S can be decomposed into an inflow part
∂D− = {(r, s) ∈ ∂D : n·s < 0}, an outflow part ∂D+ where n·s > 0, and a remaining tangential
part ∂D0. Due to regularity of the boundary, the normal vector is continuous, and hence ∂D± are
open subsets of ∂D, and ∂D0 is closed with surface measure zero; cf. Lemma A1. This allows to
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identify measurable functions defined on ∂D with those defined on ∂D− ∪ ∂D+. Here and below,
the symbol ± is used to treat the two cases + and − in compact form.

∂D+�����

∂D−

∂D0 ������������

Figure 1. Schematic diagram of the domain D = R × S, with R being the
two-dimensional unit circle. The angular domain S is identified with the interval
[0, 2π) via s = (cos(α), sin(α))�. The inflow part ∂D− is shaded in dark-gray,
while the outflow boundary ∂D+ is in light-gray. The separating black curves
denote ∂D0.

2.2. Function spaces and traces. By V0 := L
2(D), we denote the Lebesgue space of square

integrable functions over D with scalar product (v, w)V0 := (v, w)D, where

(v, w)D :=
�

R

�

S
v(r, s)w(r, s) dsdr.

Similar notation is used for scalar products defined as integrals over other domains, and the norm
associated with a scalar product (·, ·)∗ is always denoted by �v�∗ :=

�
(v, v)∗.

Remark 2.1. In our analysis, we only consider the case of real valued fields. If the scalar products
are adapted appropriately, e.g. with conjugation of the first argument, all results derived in the
following hold, with minor modifications, also for complex valued function spaces. This case
arises, e.g., when time harmonic (intensity modulated) fields are considered, see [24, 23], or in the
approximation of the radiative transfer equation by spherical harmonics; cf. [12, 9] and Section 6.1.

For smooth functions v ∈ C
∞(D), we define another scalar product by

(v, w)V1 := (v, w)D + (s·∇v, s·∇w)D + (|n·s|v, w)∂D,

and we denote by V1 the completion of C
∞(D) with respect to the associated norm. Functions

in V1 have well-defined boundary values (see appendix): Let us denote by T the completion of
L

2(∂D) with respect to the norm associated with

(v, w)T := (|n·s| v, w)∂D.

The following statement then is a direct consequence of the construction of the spaces V1 and T.

Lemma 2.2. The trace mapping v �→ v|∂D defined for v ∈ C
1(D) can be extended by continuity

to a bounded linear operator γ : V1 → T with �γ(v)�T ≤ �v�V1 for all v ∈ V1.

We denote by T± := {v|∂D± : v ∈ T} the restriction of functions in T to the inflow and outflow
parts of the boundary. The partial trace maps γ± : V1 → T±, v �→ v|∂D± are again bounded
linear operators. In fact γ± can be shown to be surjective; cf. Lemma A2.
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Remark 2.3. Functions in the space �V1 := {v ∈ V0 : s ·∇v ∈ V0}, which is larger than V1,
already have enough regularity to admit the notion of boundary values [20, 11]. The space V1 can
therefore be characterized alternatively as proper subspace V1 = {v ∈ �V1 : �γ(v)�T < ∞} ⊂ �V1.
For further details, we refer to [20] and the appendix.

2.3. Even–Odd splitting. The following splitting is a standard tool in the analysis of the radia-
tive transfer equation, cf. [18, 1]. For a measurable function v on S, we define its even (v+) and
odd (v−) parts by

v
±(s) :=

1
2
�
v(s)± v(−s)

�
.(2.1)

A function v is called even (to have even parity), if v = v
+, and odd (of odd parity), if v = v

−.
Any function v ∈ L

2(S) can be split uniquely into its even and odd components, i.e, v = v
++ v

−,
and this splitting is orthogonal with respect to the L

2(S) scalar product. In the same way, one
can define the splitting of functions, which additionally depend on a spatial variable, i.e. by
v
±(r, s) := 1

2 (v(r, s)± v(r,−s)). We then denote by

V± := {v± : v ∈ V},

the subspaces of even and odd functions of V. The following result is a direct consequence of the
definition of the spaces and scalar products in the previous section.

Lemma 2.4. Any of the spaces V ∈ {V0, V1, T} can be split into V = V+ ⊕V−, and the splitting

is orthogonal with respect to the scalar product of V.

2.4. Operators. In the sequel, we formally introduce the operators appearing in the radiative
transfer equation (1.1), and we summarize their basic properties relying on rather general assump-
tions about the parameters. Most of the following results are well-known, and can be found for
instance in [11].

2.4.1. Transport. Let us begin with the advection (transport) operator, which is defined as

A : V1 → V0, (Av)(r, s) := s·∇v(r, s).

The following basic properties of A follow almost directly from its definition.

Lemma 2.5. A : V1 → V0 is a bounded linear operator with �Av�V0 ≤ �v�V1 for all v ∈ V1.

Moreover, for any v
± ∈ V±

1 we have Av
± ∈ V∓0 , i.e., A maps even to odd, and odd to even

functions; we say that A is parity reversing.

Proof. Boundedness is a direct consequence of the definition of the norms and the operator. The
parity reversing property then follows from (Av)(−s) = −s ·∇v(−s), and inserting even or odd
functions v. �

The following integration-by-parts formula will be a central tool for the derivation of a weak
formulation in the next section.

Lemma 2.6. For any pair of functions v, w ∈ V1 there holds

(Av, w)D = −(v,Aw)D + (n·s v, w)∂D.(2.2)

Proof. For smooth functions v ∈ C∞(D), the formula is a direct consequence of Green’s theorem,
and the result then follows by a density argument. �

Remark 2.7. Lemma 2.6 does not hold for arbitrary functions in the larger space �V1, since the
boundary values do not have the required regularity; cf. Lemma A2. One possible generalization
of (2.2) for functions in �V1 will be stated in Lemma 4.2.
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2.4.2. Scattering. The scattering operator Θ, associated with a scattering kernel θ, is defined by

Θ : V0 → V0, (Θv)(r, s) :=
�

S
θ(r, s·s�)v(r, s�)ds

�
.

Remark 2.8. To simplify the notation, we will often neglect the spatial dependence and simply
write (Θv)(s) =

�
S θ(s·s�)v(s�) ds

�, instead.

In the sequel, we assume that the scattering kernel θ satisfies the following conditions.

Assumption 2.9. (S1) θ is a measurable function and positive, i.e., θ(r, s·s�) ≥ 0 for a.e. r ∈ R
and s, s

� ∈ S; (S2) θ is normalized to one, i.e.,
�
S θ(r, s·s�) ds

� = 1 for a.e. (r, s) ∈ D.

The assumptions on the scattering kernel imply the following properties of the scattering operator.

Lemma 2.10. Θ : V0 → V0 is a self-adjoint and bounded linear operator with �Θv�V0 ≤ �v�V0 for

all v ∈ V0. Moreover, Θv
± ∈ V±

0 for any v ∈ V0, i.e., the scattering operator is parity preserving.

Proof. Linearity of Θ is obvious, and self-adjointness follows from the symmetry of θ(s ·s�) with
respect to s and s

�. By normalization and positivity of the kernel, and using the Cauchy-Schwarz
inequality, we obtain as in [11, Ch XXI 2.3.1]

�Θv�2L2(S) =
�

S

��
�

S
θ(s·s�)v(s�) ds

���2 ds

≤
�

S

� �

S
θ(s·s�) ds

�
�� �

S
θ(s·s�)|v(s�)|2 ds

�
�

ds

=
�

S

�

S
θ(s·s�) ds|v(s�)|2 ds

� = �v�2L2(S).

For ease of notation, we suppressed the dependence on the spatial variable r. Integration over R
yields the bound �Θv�V0 ≤ �v�V0 . Note that application of Θ to the constant function v ≡ 1 gives
�Θ1�V0 = �1�V0 , so that the bound is optimal. Furthermore, we obtain for every even function
v ∈ V+

0 that

(Θv)(s) =
1
2

�

S
θ(s·s�)(v(s�) + v(−s

�)) ds
�

=
1
2

�

S
θ(s·s�)v(s�) ds

� +
1
2

�

S
θ(−s·s�)v(s�) ds

� =
1
2
�
(Θv)(s) + (Θv)(−s)

�

which shows that Θv is even, whenever v ∈ V+
0 . In the same way, one sees that Θv is odd for

v ∈ V−0 . Hence, the scattering operator is parity preserving. �
Remark 2.11. Since θ is real valued, the properties stated in Lemma 2.10 carry over to the case
of complex valued functions with identical proofs.

2.4.3. Absorption and removal. It will turn out to be convenient for our analysis, to represent
absorption and scattering by a single operator. Given two coefficient functions µa and µs, we
define the removal operator [1] by

C : V0 → V0, (Cv)(r, s) := µa(r)v(r, s) + µs(r)
�
v(r, s)− (Θv)(r, s)

�
.

Remark 2.12. The first part µa(r)v(r, s) of the removal operator models the absorption of particles
by the medium, while the second part µs(r)

�
v(r, s)− (Θv)(r, s)

�
describes the absorption and re-

emission of particles during the scattering process. In operator notation, one could also write
C = µaI + µs(I −Θ) with I denoting the identity operator. In view of (1.1), the total absorption
regarding one particular direction s is governed by the parameter µt = µa + µs.

In order to derive useful properties of the removal operator, we require that the scattering and
absorption parameters µs and µa satisfy the following conditions.

Assumption 2.13. (C1) µs is measurable, non-negative, and uniformly bounded, i.e., there exists

a positive constant µs such that 0 ≤ µs(r) ≤ µs for a.e. r ∈ R. (C2) µa is measurable, uniformly

positive, and bounded, i.e., 0 < µ
a
≤ µa(r) ≤ µa for a.e. r ∈ R for some µ

a
, µa > 0.
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Based on assumptions (C1)–(C2) on the coefficients, the removal operator can be shown to have
the following properties; see also [11, Ch XXI 2.4.1 Theorem 4].

Lemma 2.14. C : V0 → V0 is a self-adjoint and elliptic bounded linear operator, i.e.

(Cv, v)D ≥ µ
a
�v�2V0

and �Cv�V0 ≤ (2µs + µa)�v�V0 .

Moreover, C is parity preserving, i.e., Cv
± ∈ V±

0 for any v ∈ V0.

Proof. Linearity and self-adjointness follow directly from the definition and the properties of the
scattering operator. By the Cauchy-Schwarz inequality, we obtain (for a.e. r ∈ R),

(v,Θv)S ≤ �Θv�L2(S)�v�L2(S) ≤ �v�2L2(S),

where we used the bound of Lemma 2.10 for the second inequality. Multiplying by µs and inte-
grating over R, we obtain that (µsΘv, v)D ≤ (µsv, v)D, and consequently

(Cv, v)D = (µav, v)D + (µsv, v)D − (µsΘv, v)D ≥ µ
a
�v�2V0

.

The upper bound then follows from the corresponding bound for the scattering operator and the
triangle inequality. Since Θ and the identity operator are both parity preserving, the same holds
true for the removal operator. �
Remark 2.15. If the parameters µa and µs are real valued, the properties carry over verbatim to
the case of a complex valued function space V0. Time harmonic fields, for which µa would be
complex, can then be treated similarly, if the real part of µa is uniformly bounded from below.

By the Lax-Milgram lemma, and the ellipticity and boundedness of the removal operator, C is
boundedly invertible, and we can define two norms

�v�2C−1 := (C−1
v, v)D and �v�2C := (Cv, v)D,(2.3)

on V0, which have the following properties.

Lemma 2.16. The norms (2.3) induced by C and C−1
are equivalent to the norm of V0, i.e., for

all functions v ∈ V0 there holds

c�v�2V0
≤ �v�2C ≤ C�v�2V0

and C
−1�v�2V0

≤ �v�2C−1 ≤ c
−1�v�2V0

with equivalence constants given by c = µ
a

and C = 2µs + µa.

Remark 2.17. If Θ is positive semi-definite, the upper bound can be sharpened to C = µs + µa.
This is the case, for instance, if in addition to Assumption 2.9, the scattering is absolutely forward
dominant, which is true for isotropic, Rayleigh or Thompson scattering [17]. A refined analysis
also allows to relax the conditions on µa and µs to some extent; cf. [20].

2.5. Operator formulation. Using the operators defined in the previous section, the radiative
transfer equation (1.1)–(1.2) can now be written in compact form as

Aφ + Cφ = q a.e. in D,(2.4)
γ−(φ) = g a.e. on ∂D−.(2.5)

Definition 2.18. A function φ ∈ V1, which satisfies (2.4) and (2.5) for given q ∈ L
2(D) and

g ∈ L
2(∂D−) is called strong solution of the radiative transfer equation.

As outlined in the introduction, there exist several ways for establishing the existence of solutions
to the radiative transfer equation. Our approach, presented in the following two sections, is based
on variational arguments.

3. A variational formulation

In this section, we derive a variational formulation of the radiative transfer equation (2.4)–(2.5),
which is weak in the sense that we require less regularity on the solution than used for the defi-
nition of strong solutions. We will prove the existence and uniqueness of a solution to this weak
formulation, and show that any weak solution is in fact also a strong solution in the sense of
Definition 2.18.
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3.1. Derivation of the variational principle. Assume that φ ∈ V1 is a strong solution of
the radiative transfer equation (2.4)–(2.5). Multiplying (2.4) with a test function ψ ∈ V1, and
integrating over the domain D, we obtain

(Aφ, ψ)D + (Cφ, ψ)D = (q,ψ)D.(3.1)

Using the unique decomposition of functions into even and odd parts, and the parity reversing
property of the operator A, equation (3.1) can be written equivalently as

(Aφ
+
, ψ

−)D + (Aφ
−

, ψ
+)D + (Cφ, ψ)D = (q,ψ)D.(3.2)

By means of the integration-by-parts formula (2.2), the second term can be transformed into

(Aφ
−

, ψ
+)D = −(φ−,Aψ

+)D + (n·s φ
−

, ψ
+)∂D.(3.3)

Using the boundary condition (2.5), and noting that s �→ n·s φ
−

ψ
+ is an even function, we can

further rewrite the boundary term as

(n·s φ
−

, ψ
+)∂D = 2

�

∂R

�

n·s<0
n·s (g − φ

+)ψ+ dsdσ(3.4)

= (|n·s| φ+
, ψ

+)∂D + 2(n·s g,ψ
+)∂D− .

The combination of (3.2)–(3.4) then yields the following weak characterization of solutions.

Lemma 3.1. Any strong solution φ of the radiative transfer equation (2.4)–(2.5) also satisfies

b(φ, ψ) = �(ψ) for all ψ ∈ V1,(3.5)

with bilinear form b and linear form � defined by

b(φ, ψ) := (Cφ, ψ)D − (φ−,Aψ
+)D + (Aφ

+
, ψ

−)D + (|n·s| φ+
, ψ

+)∂D(3.6)

�(ψ) := (q,ψ)D − 2(n·s g,ψ
+)∂D− .(3.7)

Note that both forms involve only derivatives of the even components φ
+ and ψ

+ of the solution
and the test function, respectively. This leads us to the definition of the space

W := V+
1 ⊕ V−0(3.8)

which turns out to be the natural energy space for our analysis.

Remark 3.2. Only the even components v
+ of functions v ∈ W have some spatial regularity, and

we therefore refer to W as space of mixed regularity. Also note that W+ = V+
1 and W− = V−0 .

Due to the unique splitting of functions into even and odd parts, the space W = V+
1 ⊕V−0 can be

identified with the product space V+
1 × V−0 ; we will return to this viewpoint in Section 5.2.

The weak form of the radiative transfer equation then leads to the following variational problem.

Problem 1. Given q ∈ L
2(D) and g ∈ L

2(∂D−), find φ ∈ W which satisfies (3.5).

Definition 3.3. A solution of Problem 1 is called weak solution of the radiative transfer equation.

The natural norm for the space W would be the one inherited from the spaces V+
1 and V−0 . For

the subsequent analysis, it is however convenient to equip W with a different energy norm, viz.

�v�W :=
�
�Av

+�2C−1 + �v�2C + �γ(v+)�2T
�1/2

.(3.9)

By application of Lemma 2.16, this norm can be shown to be equivalent to the norm of V+
1 ⊕V−0 .

Lemma 3.4. Let the assumptions of Lemma 2.16 hold. Then

c�v�2W ≤ �v+�2V1
+ �v−�2V0

≤ C�v�2W(3.10)

with equivalence constants c = min{µ
a
, 1/(2µs + µa)} and C = max{2µs + µa, µ

−1
a
}.

Remark 3.5. The space W is again a Hilbert space, and the inclusions V1 ⊂ W ⊂ V0 are strict
and dense (see appendix). This shows that the variational form (3.5) is in fact weaker than the
strong form (2.4)–(2.5) of the radiative transfer equation.
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3.2. Unique solvability. The aim of this section is to establish the existence of a unique solution
to Problem 1. To do so, we require some basic properties of the bilinear and linear forms used in
the variational principle (3.5), which we derive in the following.

Proposition 3.6. The linear form � is bounded on W, i.e., there holds |�(ψ)| ≤ C��ψ�W for all

ψ ∈ W, i.e., ���W� ≤ Cl, with constant C� = (
√

2�g�2∂D−
+ µ

−1
a
�q�2D)1/2

.

Proof. By definition of the linear form and the Cauchy-Schwarz inequality, we have

�(ψ) = (q,ψ)D + 2(|n·s| g,ψ
+)∂D− ≤ 2�g�∂D−�ψ+�T− + �q�C−1�ψ�C .

The bound then follows by Lemma 2.16, the fact that �ψ+�T =
√

2�ψ+�T− , which is shown
similarly to (3.4), and by another application of the Cauchy-Schwarz inequality. �

Continuity of the bilinear form follows again almost directly from the definition of the norm of W.

Proposition 3.7. The bilinear form b is bounded on W×W with |b(φ, ψ)| ≤ 2�φ�W�ψ�W.

Proof. Application of the Cauchy-Schwarz inequality yields

b(φ, ψ) ≤ �φ�C�ψ�C + �φ�C�Aψ
+�C−1 + �Aφ

+�C−1�ψ�C + �φ+�T�ψ+�T ≤ 2�φ�W�ψ�W,

where we used a1b1 + a1b2 + a2b1 + c1c2 ≤ (2a
2
1 + a

2
2 + c

2
1)1/2(2b

2
1 + b

2
2 + c

2
2)1/2 for the second

estimate, which again follows from the Cauchy-Schwarz inequality. �

The main property to ensure unique solvability of Problem 1 are the following stability conditions.

Proposition 3.8. The bilinear form b is inf-sup stable on W×W, i.e., the two estimates

sup
�ψ�W=1

b(φ, ψ) ≥ β�φ�W and sup
�ψ�W=1

b(ψ,φ) ≥ β�φ�W

hold uniformly for all φ ∈ W with stability constant β := (2
√

3)−1
.

Proof. For φ = 0 the assertion is trivial, so we can assume that φ ∈ W \ {0}. In the following
three steps, we explicitly construct a test function ψ ∈ W that satisfies the first estimate:
(i) Testing with ψ := φ, we obtain by the symmetry of the inner product that

b(φ, φ) = �φ�2C − (φ−,Aφ
+)D + (Aφ

+
, φ
−)D + �φ+�2T = �φ�2C + �φ+�2T.

(ii) Testing with ψ := C−1Aφ
+ ∈ W− yields

b(φ, C−1Aφ
+) = (Cφ

−
, C−1Aφ

+)D + (Aφ
+
, C−1Aφ

+)D
= (C1/2

φ
−

, C−1/2Aφ
+)D + (Aφ

+
, C−1Aφ

+)D ≥ 1
2�Aφ

+�2C−1 − 1
2�φ

−�2C .

(iii) Combining the two estimates, we obtain for ψ := φ+C−1Aφ
+ the inequality b(φ, ψ) ≥ 1

2�φ�
2
W,

while �ψ�W ≤
√

3�φ�W. This yields the first estimate. The second estimate is derived in the same
way, but using the testfunction ψ := φ− C−1Aφ

+ instead. �

The unique solvability of Problem 1 now is a consequence of the open-mapping theorem. The
following statement for variational problems goes back to [21]; see also [6, 7], for the name.

Lemma 3.9 (Babuzka-Aziz lemma). Let V , W be Hilbert spaces, and b : V ×W → C, � : W → C
be continuous bilinear and linear forms. Further, let b satisfy the stability conditions

sup
�w�W =1

|b(v, w)| ≥ β�v�V and sup
�v�V =1

|b(v, w)| ≥ β�w�W

for some β > 0 and all v ∈ V and w ∈ W , respectively. Then there exists exactly one function

v ∈ V such that b(v, w) = �(w) for all w ∈ W , and v is bounded by �v�V ≤ β
−1���W � .

As usual, W
� denotes the dual space here, i.e., the space of bounded linear functionals on W . Since

we have already verified the conditions required in the Babuzka-Aziz lemma in Propositions 3.6–
3.8, we directly obtain the unique solvability for our variational problem.
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Theorem 3.10. Problem 1 has a unique solution φ ∈ W, which satisfies the a-priori bound

�φ�W ≤ 2
√

3
�√

2�g�2∂D− + µ
−1
a
�q�2D

�1/2
.

Remark 3.11. Using the norm equivalences of Lemma 2.16, one can obtain similar bounds in other
norms, e.g. for �φ�V0 or �φ�V+

1 ⊕V−0 . In view of Lemma 3.9, it is also clear that more general data
q ∈ W�and g ∈ T�− are admissible. We leave such generalizations to the reader.

3.3. A variational formulation based on alternative spaces. In the derivation of the varia-
tional formulation of Section 3, we used the integration-by-parts formula (2.2) to shift the transport
operator in the second term of (3.2) to the test function. Alternatively, one could also transform
the first term of (3.2) into

(Aφ
+
, ψ

−)D = −(φ+
,Aψ

−)D + (n·s φ
+
, ψ

−)∂D.

Proceeding in the same way as in Section 3.1, we obtain another variational principle, namely
�b(φ, ψ) = ��(ψ) for all ψ ∈ V1(3.11)

with bilinear and linear forms defined by
�b(φ, ψ) := (Cφ, ψ)D + (Aφ

−
, ψ

+)D − (φ+
,Aψ

−)D + (|n·s| φ−, ψ
−)∂D

��(ψ) := (q,ψ)D − 2(n·s g,ψ
−)∂D−

Since only derivatives of the odd components are involved now, the natural space for (3.11) is
�W := V+

0 ⊕ V−1 .

This space has again mixed regularity, but the extra spatial regularity is required for the odd
components now. Based on these considerations, we arrive at the following alternative weak form
of the radiative transfer equation.

Problem 2. Given q ∈ L
2(D) and g ∈ L

2(∂D−), find a function φ ∈ �W which satisfies (3.11).

Any solution φ ∈ �W of Problem 2 will again be called a weak solution of the radiative transfer
equation. The results of Section 3 carry over almost verbatim to this alternative formulation, and
we therefore state the unique solvability without giving detailed proofs.

Theorem 3.12. Problem 2 has a unique solution φ ∈ �W which satisfies the a-priori estimate

�φ�eW ≤ 2
√

3
�√

2�g�2L2(∂D−) + µ
−1
a
�q�2L2(D)

�1/2
.

The results of the following two sections are based on the variational setting of Problem 1. All
statements however hold almost verbatim also for the alternative setting considered here.

4. Existence of strong solutions

The aim of this section is to demonstrate that any weak solution φ ∈ W of Problem 1 is in fact
also a strong solution of the radiative transfer equation. This requires to show that weak solutions
are sufficiently regular, i.e., φ ∈ V1, and that they satisfy (2.4)–(2.5).

4.1. Notation and preliminary results. For the subsequent analysis, we require some further
notation. For convenience of the reader, we present only the statements that are needed later, and
provide some proofs and further details in the appendix.

For any point (r, s) ∈ ∂D± on the boundary, we define the time of travel τ(r, s) by

τ(r, s) := sup{t > 0 : r ∓ t
�
s ∈ R, ∀ 0 ≤ t

� ≤ t}.

By �T±, we then denote the completions of L
2(∂D±) with respect to the norms induced by

(v, w)T± := (τ |n·s| v, w)∂D±

Since the boundary ∂D coincides with the union of ∂D+ and ∂D− up to a set of measure zero,
we can define the space �T of measurable functions whose restrictions to ∂D± are in �T±. For our
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analysis, we will require the space �V1 = {v ∈ V0 : s·∇v ∈ V0} already mentioned in Remark 2.3,
which is larger than V1. Functions in �V1 are regular enough to admit the notion of boundary
values, and the traces γ(v) of functions v ∈ �V1 are in �T; cf. [20, 11] and Lemma A2. Hence, �V1

can be defined equivalently as

�V1 := {v ∈ V0 : s·∇v ∈ V0 and �γ(v)�bT < ∞},

and �V1 is a Hilbert space when equipped with the scalar product

(v, w)bV1
:= (v, w)D + (s·∇v, s·∇w)D + (τ |n·s| v, w)∂D.

Note that, due to the definition of the norms, the trace operator can now be simply bounded by
�γ(v)�bT ≤ �v�bV1

for all v ∈ �V1. Let us define a further scalar product by

(v, w)Ť := (τ−1|n·s| v, w)D.

Since 0 < τ ≤ diam(R) a.e. on ∂D, it follows that the associated norm is stronger than that of �T,
and we can define Ť := {v ∈ �T : �v�Ť < ∞}, and a further space V̌1 := {v ∈ �V1 : γ(v) ∈ Ť} with
scalar product

(v, w)V̌1
:= (v, w)D + (s·∇v, s·∇w)D + (τ−1 |n·s|v, w)∂D.

The space Ť is again just the space of traces of functions in V̌1. The following result clarifies the
relation of the spaces �T, Ť and �V1, V̌1 to the spaces T and V1 considered in the previous sections;
for details, we refer to the appendix.

Lemma 4.1. The inclusions Ť ⊂ T ⊂ �T and V̌1 ⊂ V1 ⊂ �V1 are dense and strict.

The following generalization of Lemma 2.6 now follows almost directly from the definition of the
spaces, by Green’s theorem, and a density argument.

Lemma 4.2. The integration-by-parts formula (2.2) holds for all functions v ∈ �V1 and w ∈ V̌1.

Lemma 4.2 will allow us to establish regularity of the boundary values of weak solutions, and will
be a basic ingredient in the analysis of the following section.

4.2. Regularity of weak solutions. Let us return to the weak form (3.5) of the radiative transfer
equation, and recall that any weak solution φ satisfies

(Cφ, ψ)D − (φ−,Aψ
+)D + (Aφ

+
, ψ

−)D + (|n·s| φ+
, ψ

+)∂D(4.1)

= (q,ψ)D − 2(n·s g,ψ
+)∂D−

for all test functions ψ ∈ W. To show the existence of strong solutions, we proceed as follows:

Step 1: We show that φ is a solution of (2.4) on D, which requires to verify that Aφ
− ∈ V0. Let

ψ0 ∈ W be an arbitrary test function with vanishing boundary values γ(ψ+
0 ) = 0. Then, in the

sense of distributions, we obtain that

�Aφ
−

, ψ
+
0 � := −(φ−,Aψ

+
0 )D = (−Cφ

+ + q
+
, ψ

+
0 )D,

where we have used (4.1) for the second equality, and the parity preserving and reversing properties
of the operators. Hence Aφ

− is a regular distribution, i.e.,

Aφ
− = −Cφ

+ + q
+ ∈ V0.(4.2)

As a consequence, we obtain that φ
− ∈ �V1, and thus φ ∈ �V1. Using the integration-by-parts

formula (2.2) for the second term of (4.1), and utilizing that γ(ψ+
0 ) = 0, we obtain that

(Aφ, ψ0)D + (Cφ, ψ0)D = (q,ψ0)D,

for all ψ0 ∈ W with γ(ψ0) = 0, and density of C
∞
0 (D) ⊂ V0 implies that Aφ + Cφ = q a.e. in D.
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Step 2: In order to show that the boundary conditions (2.5) are fulfilled, we now test equation
(4.1) with a function ψ

+ ∈ V̌+
1 . Applying Lemma 4.2 for the second term of (4.1), and using

equation (4.2) yields

2(n·s g,ψ
+)∂D− = (q,ψ+)D − (Cφ

+
, ψ

+)D − (Aφ
−

, ψ
+)D + (n·s φ

−
, ψ

+)∂D − (|n·s|φ+
, ψ

+)∂D

= 2(n·s φ
+
, ψ

+)∂D− + 2(n·s φ
−

, ψ
+)∂D− .

Here, we used that s �→ |n·s|φ+
ψ

+ and s �→ n·s φ
−

ψ
+ are even functions, in order to transform

the boundary integrals over ∂D into integrals over ∂D−, similar as in (3.4). Hence, we obtain that
(n·s g,ψ

+)∂D− = (n·s φ, ψ
+)∂D− for all ψ

+ ∈ V̌1, and it follows again by a density argument
(see Lemma A6) that φ = g a.e. on ∂D−. But since g ∈ L

2(∂D−), we conclude that γ−(φ) ∈ T−.
Using the orthogonal splitting of φ into even and odd parts, we also obtain that γ+(φ) ∈ T+, and
hence φ ∈ V1. Thus φ is a strong solution of the radiative transfer equation (2.4)–(2.5).

Summarizing, we have shown that any weak solution in fact is also a strong solution.

Theorem 4.3. For any g ∈ L
2(∂D−) and q ∈ L

2(D), the radiative transfer equation (2.4)–(2.5)
has a unique strong solution φ ∈ V1, which coincides with the (weak) solution of Problem 1.

Proof. The above considerations and Lemma 3.1 show that any weak solution also is a strong
solution, and vice versa. The result then follows from Theorem 3.10. �

Remark 4.4. For regular data q ∈ L
2(D) and g ∈ L

2(∂D−), the weak and strong forms of the
radiative transfer equation are equivalent. As mentioned in Remark 3.11, more general data q ∈ W�

are allowed in Problem 1 (or q ∈ �W� in Problem 2), in which case equivalence does no longer hold.

5. Alternative formulations

In this section, we discuss some alternative weak formulations for the radiative transfer equation,
and establish connections between them, and to other methods that have been investigated in
literature. Our arguments are based on the variational setting of Problem 1, but corresponding
results again hold for the alternative setting discussed in Section 3.3.

5.1. An operator formulation. Any variational problem with continuous bilinear form is equiv-
alent to a linear operator equation with bounded linear operator. The operator B : W → W�

associated with the bilinear form b of Problem 1 is given by

�Bv, w�W�×W := b(v, w)

= (Av
+
, w

−)D − (v−,Aw
+)D + (Cv, w)D + (|n·s| v+

, w
+)∂D− .

We then consider the following operator formulation of the radiative transfer equation:

Problem 3. Given g ∈ L
2(∂D−) and q ∈ L

2(D), find φ ∈ W such that

Bφ = � in W�
.(5.1)

The next statement follows almost directly from the results of the previous section.

Lemma 5.1. The operator B : W → W�
associated with the bilinear form b is continuous and

boundedly invertible, i.e., �Bφ�W� ≤ 2�φ�W and �B−1
q�W ≤ 2

√
3�q�W� for all φ ∈ W and f ∈ W�

.

Moreover, the Problems 1 and 3 are equivalent, and therefore (5.1) has a unique solution φ ∈ W.

Proof. By �Bv, w�W�×W = b(v, w), the boundedness of the operator follows from Proposition 3.7.
The invertibility is a direct consequence of the inf-sup conditions stated in Proposition 3.8, which
imply the injectivity and surjectivity of the operator B, respectively. In particular, the first inf-sup
condition implies β�φ�W ≤ �Bφ�W � , which provides the bound on the inverse. The equivalence
follows by testing the operator equation with ψ ∈ W and the definition of the operator, and the
unique solvability is inherited from the variational problem. �
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Remark 5.2. The operator equation (5.1) is a weak form of the radiative transfer equation, i.e.,
(2.4)–(2.5) is understood in a distributional sense. Note that, in general, a function φ ∈ W does
not have enough regularity to be a candidate for a strong solution. As we have shown in Section 4,
any weak solution of Problem 1 or Problem 3, however, has the required extra regularity.

5.2. A mixed variational problem. Due to the orthogonality of the splitting W = V+
1 ⊕ V−0 ,

the energy space W can be identified with the product space V+
1 ×V−0 . Recalling that V+

1 = W+

and V−0 = W−, we arrive at the following mixed variational formulation.

Problem 4. Find (φ+
, φ
−) ∈ W+ ×W−

such that for all ψ
+ ∈ W+

and ψ
− ∈ W−

there holds

(Cφ
+
, ψ

+)D + (|n·s| φ+
, ψ

+)∂D − (φ−,Aψ
+)D = (q+

, ψ
+)D + 2(|n·s| g, ψ

+)∂D− ,(5.2)

(Aφ
+
, ψ

−)D + (Cφ
−

, ψ
−)D = (q−, ψ

−)D.(5.3)

Remark 5.3. Multiplying the second equation by minus one allows to transform the mixed problem
into symmetric form. This was already used implicitly in the proof of Proposition 3.8.

As a direct consequence of the properties of the operators, and the analysis of the previous section,
we obtain the following result.

Lemma 5.4. Problem 1 and Problem 4 are equivalent. In particular, for any g ∈ L
2(∂D−) and

q ∈ L
2(D), Problem 4 has a unique solution (φ+

, φ
−) ∈ W+ ×W−

.

Proof. The equivalence follows by identifying (ψ+
, ψ

−) ∈ W+ × W− with ψ = ψ
+ + ψ

− ∈ W,
using the parity preserving and reversing properties of the operators, respectively, and adding the
two equations. The unique solvability then follows from Theorem 3.10. �
5.3. Even-parity formulation. We show now, that the mixed variational problem (5.2)–(5.3)
can be reduced to a single equation by explicitly eliminating the odd parity component φ

−. We
start with rewriting Problem 4 as equivalent operator equation: Let us define an operator

E : W+ → (W+)�, �Ev, w� := (|n·s| v, w)∂D for v, w ∈ W+
,

which is used in order to reformulate the boundary term on the left hand side of equation 5.2.
Similarly, we define a linear functional

e : W+ → R, e(v) := 2(|n·s| g, v)∂D− for v ∈ W+
.

to represent the boundary integral on the right. Problem 4 can then be written equivalently as

Cφ
+ + Eφ

+ −A∗φ− = q
+ + e in (W+)�,(5.4)

Aφ
+ + Cφ

− = q
− in (W−)�,(5.5)

where the adjoint operator A∗ : W− → V+
0 is defined as usual by duality, i.e,

�A∗φ−, ψ
+� := (φ−,Aψ

+)D.

Since the operator C : V0 → V0 is invertible, we can express φ
− using (5.5) as

φ
− = C−1(q− −Aφ

+),(5.6)

which makes sense in V0. Inserting this expression for φ
− into the first equation (5.4), and

rearranging the terms, yields the following operator equation

A∗C−1Aφ
+ + Cφ

+ + Eφ
+ = A∗C−1

q
− + q

+ + e in (W+)�.(5.7)

By testing with an arbitrary function ψ
+ ∈ W+, we arrive at an equivalent variational principle

bep(φ+
, ψ

+) = �ep(ψ+) for all ψ
+ ∈ W+

,(5.8)

with bilinear and linear forms defined by

bep(φ+
, ψ

+) := (C−1Aφ
+
,Aψ

+)D + (Cφ
+
, ψ

+)D + (|n·s| φ+
, ψ

+)∂D

�ep(ψ+) := (C−1
q
−

,Aψ
+)D + (q+

, ψ
+)D − 2(n·s g,ψ

+)∂D− .

We thus obtain the following reduced variational problem for the even part of the solution.
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Problem 5. Given q ∈ L
2(D) and g ∈ L

2(∂D−), find ψ
+ ∈ W+

such that (5.8) holds.

Remark 5.5. The form (5.7) or (5.8) is usually referred to as the even parity or second order form
of the radiative transfer equation [18].

The following statements follow almost directly from the results of the previous sections.

Lemma 5.6. The linear form �ep : W+ → R is bounded, i.e., |�ep(ψ+)| ≤ Cl�ψ+�W, with Cl as

in Proposition 3.6, and bep : W+ ×W+ → R is continuous and coercive with constants one.

Proof. The bilinear form bep : W+ ×W+ → R is exactly the scalar product associated with W+,
which implies coercivity and boundedness. The bound for �ep follows from Proposition 3.6. �

Existence of a unique solution to Problem 5 now follows from the Lax-Milgram theorem.

Theorem 5.7. Problem 5 has a unique solution φ
+ ∈ W+

with �φ+�W ≤ (
√

2�g�2∂D−
+µ

−1
a
�q�2D)1/2

.

Defining φ
− as in (5.6), one easily sees that the pair (φ+

, φ
−) solves the the mixed operator

equation (5.4)–(5.5) and hence Problem 4. The following result then follows from Lemma 5.4.

Theorem 5.8. The even parity Problem 5 and the variational Problem 1 are equivalent.

Remark 5.9. A combination of Theorems 5.8 and 5.7 allows to improve the a-priori bound for the
solution of Problem 1. Using the definition of φ

−, we obtain �φ−�2C = �q−�2C−1 + �Aφ
+�2C−1 −

(q−, C−1Aφ
+)D ≤ 3

2µ
−1
a
�q�2D + 3

2�Aφ
+�2C−1 , and using the a-priori bound of Theorem 5.7 yields

the sharper estimate �φ�W ≤ 2
�√

2�g�2∂D−
+ µ

−1
a
�q�2D

�1/2.

Remark 5.10. The even parity form of the radiative transfer equation has been used and inves-
tigated intensively [18, 1]. As a direct consequence of the coercivity of the bilinear form bep, it
can be shown to be the Euler-Lagrange equation of a certain energy functional [18]. Note that,
as Theorem 5.8 states, there is virtually no difference between the mixed problem and the even
parity formulation from an analytical point of view.

Remark 5.11. A numerical treatment of the even parity formulation is usually more convenient
than the solution of the mixed problem, since it involves less unknowns and additionally leads to
self-adjoint systems. This also explains the popularity of the method to some extent. Note that
some relevant quantities, like the total outflux of particles defined by

(J ·n)(r) :=
�

n·s>0
φ(r, s)n·sds =

�

S
φ

+|n·s|ds +
�

n·s<0
g(r, s)n·sds,

only depend on the even part φ
+ of the solution, and thus can be computed without explicit

knowledge of the odd component φ
−. For curiosity, let us mention that J ·n can be computed as

well from knowledge of φ
− alone, if the alternative approach of Section 3.3 is used.

5.4. Least-squares formulations. Let us return to the operator equation of Section 5.1. In the
usual way, we define the adjoint operator B∗ : W → W� by duality, i.e.,

�v,B∗w�W×W� := b(v, w) = �Bv, w�W�×W, v, w ∈ W.

Multiplying (5.1) by B∗ from the left yields the normal equations

B∗Bv = B∗� in W�
,(5.9)

which are the optimality conditions for the least-squares problem

Find v ∈ W : J(v) = min
w∈W

J(w) with J(w) = �Bw − ��2W� .(5.10)

The following result can be deduced from the properties of the operator B by standard arguments.

Lemma 5.12. The least-squares problem (5.10) has a unique solution, which coincides with the

unique solution of the normal equations (5.9). Both problems are equivalent to Problem 1.
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Proof. The operator B∗B is coercive, i.e., �B∗Bv, v�W×W = �Bv�2W� ≥ β
2�v�2W, which follows from

Proposition 3.8, and the equivalence of Problem 1 with the operator equation of Lemma 5.1. More-
over, (5.9) are the necessary first order optimality conditions for (5.10), which shows uniqueness
of a minimizer, and due to the coercivity of B∗B, the functional J is coercive, which grants the
existence. Since Bv = � has a solution, we further have J(v) = �Bv − ��2W� = 0, which together
with uniqueness shows equivalence with Problem 1. �
Remark 5.13. In [19], the following alternative least-squares formulation, based on the strong form
(2.4)–(2.5) of the radiative transfer equation, has been studied. In our notation, the problem reads

J(v) = min
w∈Vg

1

J(w) with J(w) := �Aw + Cw − q�2V0
.(5.11)

The set over which is minimized is given by Vg
1 := {v ∈ V1 : γ−(v) = g}; g ≡ 0 was used in

[19]. This formulation requires the full regularity v ∈ V1 of both, even and odd, components of
the test functions, i.e., functions in the set Vg

1 have to be more regular than those required in
the least-squares problem (5.10). Also note that the boundary values are now incorporated into
the definition of the set Vg

1, and that the norm in which the residual is measured is stronger than
that of our approach. The existence of a unique minimizer of (5.11) is proven in [19]. Due to
Theorem 4.3, this also follows as a by-product of our results stated in Section 3 and 4.

One motivation of [19, 20] for studying the least-squares problem (5.11) was, that due to the
coercivity of the least-squares functional, Galerkin methods can be applied for the numerical
solution of the radiative transfer equation. As we will demonstrate in the next section, this is also
the case for the variational setting considered in this paper.

6. Galerkin approximation

Inf-sup stable variational problems like Problem 1 or 4 can be approximated systematically by
Galerkin methods. Let Wh ⊂ W be a closed (e.g. finite dimensional) subspace of W. We then
consider the following Galerkin approximation of Problem 1:

Problem 6. Find φh ∈ Wh such that b(φh, ψh) = �(ψh) holds for all ψh ∈ Wh.

For establishing the unique solvability of Problem 6, one has to verify the conditions of the
Babuzka-Aziz lemma for the space Wh. Note that the conditions of Lemma 3.9 are not only
sufficient, but also necessary for the existence of a unique solution for all admissible data [6, 7].

Since Wh ⊂ W, the boundedness of the bilinear and linear forms follows directly from Proposi-
tions 3.6 and 3.7. The corresponding inf-sup conditions however depend on the careful construction
of the space Wh, and do not follow from Proposition 3.8. If the discrete inf-sup conditions

sup
ψh∈Wh

b(φh, ψh)
�ψh�W

≥ βh�φh�W and sup
ψh∈Wh

b(ψh, φh)
�ψh�W

≥ βh�φh�W,(6.1)

hold with a constant βh > 0 for all φh ∈ Wh, then the unique solvability of Problem 6 is granted.

Theorem 6.1. Assume that (6.1) holds for all φh, ψh ∈ Wh with some βh > 0. Then Problem 6

has a unique solution φh ∈ Wh, which satisfies �φh�W ≤ β
−1
h (

√
2�g�2∂D−

+µ
−1
a
�q�2D)1/2

. Moreover,

if φ ∈ W denotes the solution of Problem 1, then

�φ− φh�W ≤ 2β
−1
h inf

vh∈Wh

�φ− vh�W,(6.2)

i.e., the error of the Galerkin approximation is bounded by the best approximation error.

Proof. Solvability follows by application of the Babuzka-Aziz lemma. The quasi best-approximation
result is due to [6] with improvement of the constant as in [25]. �
Let us discuss the construction of stable approximation spaces Wh: In the proof of Proposition 3.8,
we explicitly used that Aw

+ ∈ W− for all w
+ ∈ W+ for the construction of a suitable test function.

If this condition is satisfied also on the discrete level, then the discrete stability conditions hold
with the same stability constant βh = β as on the continuous level.
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Proposition 6.2. Let Wh be such that Aw
+
h ∈ W−

h for all w
+
h ∈ W+

h . Then the discrete inf-sup

conditions (6.1) hold with stability constant βh = (2
√

3)−1
.

Proof. The proof of Proposition 3.8 applies almost verbatim. �

Let us further investigate the design of stable discretizations: Due to the tensor product structure
of the underlying domain D = R × S, it seems natural (but is not necessary) to consider also
tensor product approximations. In the following, we consider a spherical harmonics expansion [12]
for discretization of the angular domain, while for the spatial variable, we utilize a finite element
approach. We only discuss this particular case in detail here, but other discretization schemes
can be treated with similar arguments. For details on various approximations and some numerical
results, we refer to [13].

6.1. PN -expansion. For ease of presentation, we confine ourselves to the two dimensional case
in the following. The spherical harmonics {Hn}n∈Z are then defined by

Hn(s) = (2π)−1/2
e
inα

, with s = (cos α, sin α)�,

and they form an orthonormal system in L
2(D). Thus, any function φ ∈ L

2(D) can be expanded
into a Fourier series

φ(r, s) =
�

φn(r)Hn(s)(6.3)

with φn ∈ L
2(R) for n ∈ Z. If not stated otherwise, the summation will always be carried out

over Z. The even and odd components of φ are simply given by

φ
+(r, s) =

�
φ2n(r)H2n(s) and φ

−(r, s) =
�

φ2n+1(r)H2n+1(s).

Remark 6.3. The Fourier coefficients of a function φ ∈ W with mixed regularity have the following
properties: φ2n+1 ∈ L

2(R) and φ2n ∈ {v ∈ L
2(R) : s ·∇v ∈ L

2(R) a.e. s ∈ S and v|∂R ∈
L

2(∂R)} ⊃ H
1(R). In particular, the even coefficients share the higher spatial regularity of the

even part φ
+ ∈ V+

1 .

The spherical harmonics expansion allows to express the action of the operators involved in the
radiative transfer equation (2.4) in a convenient way: Since θ(s·s�) only depends on the product
s·s�, or equivalently on cos(α−α

�), the scattering kernel can be expanded as

θ(r, s·s�) =
�

θn(r)H−n(s�)Hn(s) with θn(r) =
� 2π

0
θ(r, cos α) cos (nα) dα.(6.4)

Moreover, since θ is real valued, we have θn = θ−n, and from (6.4) and the condition (S1)–(S2)
on the scattering kernel, we readily obtain that |θn(r)| ≤ 1.

Remark 6.4. For Henyey-Greenstein scattering [14] with anisotropy factor g one can show by direct
calculation that θn = g

n. If |g| ≤ 1, then the assumptions (S1)–(S2) on the scattering kernel are
satisfied, and for 0 ≤ g ≤ 1, the scattering operator is positive semi-definite; cf. Remark 2.17.

The expansion of the scattering kernel allows to express the scattering and removal operators as

(Θφ)(r, s) =
�

θn(r)φn(r)Hn(s) and (Cφ)(r, s) =
�

cn(r)φn(r)Hn(s),(6.5)

with cn(r) = µa(r) + µs(r)(1− θn(r)). Due to the assumptions (C1)–(C2) on the coefficients and
the bound |θn(r)| ≤ 1 on the coefficients of the scattering kernel, we obtain that cn(r) ≥ µ

a
> 0,

which again shows that C is boundedly invertible. Similarly, |θn(r)| ≤ 1 implies the bound
�Θv�V0 ≤ �v�V0 on the scattering kernel.

Using the Euler formulas to express the angular variable s in terms of the spherical harmonics, we
obtain the following representation for the transport operator:

(Aφ)(r, s) =
� 1

2

�
Hn−1(s) + Hn+1(s)

iHn−1(s)− iHn+1(s)

�
·∇φn(r).(6.6)
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Remark 6.5. The application of the transport operator alters the order in the expansion by ±1.
For instance, if φ ∈ span{Hn}, i.e., φ(r, s) = φn(r)Hn(s), then Aφ ∈ span{Hn−1, Hn+1}. We will
make explicit use of this “local” action of the transport operator in the following.

6.2. Mixed PN -approximations. A truncation of the spherical harmonics expansion yields a
natural discretization for the angular variable. Let us define

V0,N :=
�

v(r, s) =
N�

n=−N

φn(r)Hn(s) : φn ∈ L
2(R)

�
.

As approximation space for Problem 6, we then consider the space WN := W∩V0,N with norm in-
herited from W. The following result establishes an important property of the PN -approximation.

Lemma 6.6. Let N be odd. Then for every v ∈ W+
N we have Av ∈ W−

N .

Proof. Set K = (N − 1)/2. Then the even and odd parts of a function v ∈ WN are given by

v
+(r, s) =

K�

k=−K

v2k(r)H2k(s) and v
−(r, s) =

K�

k=−K−1

v2k+1(r)H2k+1(s).

The result then follows by (6.6), and noting that the v2k have the required spatial regularity. �
As a consequence of Lemma 6.6 and Proposition 6.2, we obtain that the discrete inf-sup conditions
(6.1) hold for the PN -approximation with N odd with the same constant βh = β as on the
continuous level.

Theorem 6.7. Assume that N is odd, and set Wh := WN . Then b : Wh ×Wh → C is inf-sup

stable with constant βh = (2
√

3)−1
. Moreover, the semi-discrete variational Problem 6 has a unique

solution φh ∈ Wh, which satisfies the a-priori bound �φh�W ≤ 2
√

3(
√

2�g�2∂D−
+µ

−1
a
�q�2D)1/2

, and

the quasi best-approximation estimate (6.2) holds.

Remark 6.8. The fact that odd order PN approximations are “more stable”, is frequently reported
in literature. Our analysis allows to shed some light onto such statements: Note that an even
order approximation of W would not satisfy the conditions of Proposition 6.2, and therefore the
inf-sup stability of the discrete problem could not be granted so easily. The picture changes,
however, if we consider the alternative variational setting of Section 3.3. For the space �W, the
even order PN approximations are the stable ones, while stability of PN approximations with N

odd is not ensured by Proposition 6.2. We conclude that, in view of Theorem 6.1, even and odd
order approximations both deliver the best-approximation error, if only the correct variational
setting is used.

6.3. Full discretization. Let us now turn to the spatial discretization of the PN approximation,
which is obtained by choosing finite dimensional subspaces for the coefficient functions φn(r) in
the expansions. Based on our analysis, it is natural to utilize two different spaces Xh

1 and Xh
0 for

the even and odd components φ2k and φ2k+1, respectively. We assume that the spaces satisfy

Xh
1 ⊂ H

1(R) and ∇Xh
1 ⊂ (Xh

0 )d
.(6.7)

These conditions are satisfied easily by appropriate finite element spaces, e.g., by using continuous,
piecewise linear Lagrange elements for Xh

1 , and piecewise constant discontinuous elements for the
space Xh

0 . The fully discrete approximation space is then defined as Wh := W+
h,N ⊕W−

h,N , with

W+
h,N =

�
v(r, s) =

K�

k=−K

φ2k(r)H2k(s) : φ2k ∈ Xh
1

�
and

W−
h,N =

�
v(r, s) =

K�

k=−K−1

φ2k+1(r)H2k+1(s) : φ2k+1 ∈ Xh
0

�
.

Note that by definition of the spaces, the even functions have the required spatial regularity, so
we are in the regime of a conforming Galerkin approximation. It then follows from (6.7) that the
conclusions of Lemma 6.6 and Theorem 6.7 hold verbatim also for the fully discrete space Wh.
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Remark 6.9. The condition∇Xh
1 ⊂ (Xh

0 )d allows to eliminate the odd parity components explicitly,
like in Section 5.3, also on the discrete level. Note that, since the space Xh

0 does not require
continuity, this elimination can be done locally (in space). The resulting Schur complement system
then is a valid discretization for the even parity formulation of the radiative transfer equation.

Remark 6.10. Discretizations based on a combination of spherical harmonics and finite element
methods are frequently used for the numerical solution of the even-parity formulation [23, 4, 5].
Alternative approximations based on discrete ordinates and finite differences are for instance dis-
cussed in [15]; see also [16, 3] or [17] for other finite element discretizations. As a third alternative,
let us also mention sparse wavelet finite element discretizations investigated in [22], which were
used for solving the least-squares problem (5.11) proposed in [19]. A detailed study of various
discretizations based on the variational setting discussed in this paper, and numerical results are
presented in [13]. Also adaptive approximations of the space W, based on the arguments of this
paper, are discussed there.

7. Conclusions

In this paper, we propose a rigorous mixed variational framework for the analysis and numerical
approximation of the stationary monochromatic radiative transfer equation. This framework al-
lows to establish the existence and uniqueness of weak solutions, which in turn can be shown to
be strong solutions of the radiative transfer equation.

As a by-product of our analysis, we obtain simple conditions that allow to establish stability and
quasi-optimal error estimates for a wide class of Galerkin approximations. In particular, we can
show that even and odd order PN approximations, both, yield stable discretizations, if the correct
variational setting is used. Moreover, we can give a rigorous derivation of the second order (even
parity) form of the radiative transfer equation, which can be shown to be the Schur-complement
system of a corresponding mixed formulation of the full radiative transfer equation.

Although we confined ourselves to stationary monochromatic equations, the variational approach
proposed in this paper seems to be directly applicable to the transient case, and may be helpful
also for the treatment of multigroup transport problems. Extensions in these directions, and
a demonstration of the advantages of our approach for the discretization, including numerical
validation, is part of ongoing research.
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Appendix

Let the assumptions and notations of Section 2.1 and 4.1 hold.

Lemma A1. The in- and outflow boundaries ∂D− and ∂D+ are open subsets of ∂D, and ∂D0 is

a closed subset of ∂D with (2d− 2)-dimensional measure zero.

Proof. Due to the regularity of the boundary, the mapping (r, s) → n·s is continuous, and hence
the set ∂D0 is closed. With the same arguments, ∂D− and ∂D+ are open. Since ∂R ∈ C

1, it is
locally diffeomorphic to a subset of Rd−1. Note that in these local coordinates the unit outward
normal vector is (0, . . . , 0,−1) ∈ Rd. A standard parametrization of the sphere S and the product
structure of ∂D−, ∂D+, ∂D0 ⊂ ∂R× S yield the assertion. �

Lemma A2. The partial trace operators γ± : �V1 → �T± are bounded surjections, and

�γ±(v)�bT± ≤ C�v�bV1
.

Proof. The case for the outflow boundary is proven in [20]. The result for the inflow part follows
in the same way. �
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Remark A3. For the proof of the surjectivity, a ”flat” extension ψf ∈ V1 which is constant along
the characteristic lines r + ts is used in [20]. Results concerning the trace operator can also be
found in [11], where conditions are given, under which the combined trace operator γ can be shown
to be surjective onto a certain subspace of �T.

The next statement essentially follows from the fact that |n·s| ≤ 1 and 0 < τ ≤ diam(R) on ∂D±.

Lemma A4. The following inclusions are strict and dense

{v ∈ C
∞(∂D) : �v�Ť < ∞} ⊂ Ť ⊂ T ⊂ �T.

Proof. In [20], the density C
∞(∂D−) ⊂ T ⊂ �T is shown. The results carry over verbatim to the

outflow boundary, and hence to the whole boundary, since ∂D0 has measure zero. �

The following density results then are direct consequences of the definition of the spaces.

Corollary A5. The inclusions V̌1 ⊂ V1 ⊂ �V1 are dense and strict.

Lemma A6. Let v ∈ �V1. If (n·s v, w
+)∂D− = 0 for all w

+ ∈ V̌+
1 , then v = 0 on ∂D−.

Proof. The proof is based on an standard argument and even extension. Without loss of generality
assume v is continuous. Assume that the assertion does not hold: Then there exists a point
(r0, s0) ∈ ∂D− with a neighborhood U ⊂ D such that n·s v is strictly positive in U . Now, take
the Friedrich’s mollification w of the characteristic function of a neighborhood of U , such that the
support of the mollification has a positive distance to ∂D0. Then w

+(r, s) := 1
2 (w(r, s)+w(r,−s))

is well-defined, smooth, zero near ∂D0, and even; hence w
+ ∈ V̌+

1 . By construction, the trace of
w

+ equals one on U . Thus (n·s v, w
+)∂D− > 0, which yields a contradiction. �
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